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Quenched n-Vector p-Spin Model
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A disordered n-vector model with p spin interactions previously introduced is
studied for the quenched case by means of the replica method and a generalized
Parisi theory. We present formal solutions for general # and p and then study
the case p — oo. The high-temperature solution is stable at ali temperatures and
there is only one phase transition at a temperature T,. Only longitudinal low-
temperature solutions are possible. There is one spin-glass solution, and it is
stable for all T'<T,. The phase transition at 7, is of first order and displays a
jump discontinuity in the order parameters qj(.“ and d. The spin-glass free energy
is temperature dependent for n> 1 while it is constant when n = 1.

KEY WORDS: n-vector model; random spin models; spin glass; Parisi
theory.

1. INTRODUCTION

In a previous paper,') we presented a generalization of the Stanley
n-vector model with infinite-range potential®® by introducing Gaussian
random bonds and p spin interactions. The model is defined by a
generalized Hamiltonian

—pBH = Y i, Y S-Sy (1.1)

Ilsij< - <ip<N a=1
where the S/ =(5%)=(S;,.,S7) are classical n-vectors normalized to
IS; =1, a, f denote running indices for the vector components, i denotes
lattice sites, and S” is the transposed vector S. We have chosen the vector
normalization |S;| =1 in contrast to ||S;|= \/Z in ref.1 in order to
regularize the limit p — oo in Section 6. The coupling constants J; ..., are
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independent random variables with an appropriately scaled Gaussian
distribution so as to give rise to an intensive free energy per spin,

Np—l :|1/2 p[ (Jix---i,,)sz_l

P(J;...)= [m p!(4J)?

], AT=p AT (12)

AJ represents the width of the Gaussian distribution, which for simplicity
is assumed to be centered at J,=0. The case of a nonzero mean can be
treated in a canonical fashion.

For n>1 and p=2, the model is isotropic with a continuous O(n)
symmetry. For p > 2, anisotropy is introduced by replacing the continuous
O(n) symmetry with a discrete S, symmetry.

For n=1 our model represents the random Curie-Weiss model with p
spin interactions which was introduced by Derrida.“*® For p=2, the
model becomes the random Stanley model with infinite-range interactions.
It was first considered for n =3 by Edwards and Anderson® and for n =2
by Kirkpatrick and Sherrington.!” The case of general n was first
presented by Gabay and Toulouse!'*"!") (see ref. 18 for a recent review).
For n=2 and general p we obtain the random planar rotator model with
p spin interactions. For n=3 and general p we have the random classical
Heisenberg model with p spin interactions. All of these models have well-
known submodels, e.g., the Sherrington—Kirkpatrick model for n=1 and
p =2 and the random energy model for » =1 and p — co. However, we do
not recover the random spherical model for p=2 and n— oo, since this
would require n =N and hence a different limiting procedure and scaling.

In ref. 1 we proceeded to investigate the model (1.1) for the annealed
case. It turned out that already the annealed model displays an unexpected
richness of solutions and subtleties regarding their stability. We presented
complete solutions for the cases n=2 and n=3. For general n, we
managed to derive explicit forms of the order parameter equations and the
free energy for the stable solutions of the model. These can be expressed in
terms of hypergeometric functions ;F;. The model is described by one
order parameter u;. For all » and p there is one stable high-temperature
phase and one stable low-temperature phase. The phase transition is of first
order. For n=2, it is continuous in the order parameters for p <4 and has
a jump discontinuity in the order parameters if p>4. For n=13, it has a
jump discontinuity in the order parameters for all p.

In this paper, we shall consider the model (1.1) for the case of
quenched random couplings. While the case of general » and p seems to be
quite involved, there are three limiting cases worth considering: (1) n=1
and general p, (2) general n and p=2, and (3) general n and p — oco. The
first two cases have been treated in the literature and we describe briefly
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the main features below. In this paper, we shall consider the case of general
n and p - . ‘

For quenched random spin systems, even mecan-field theory has
proven to be very subtle. The first infinite-range Ising spin-glass model was
proposed by Sherrington and Kirkpatrick (SK).'® In 1980 Derrida*>
showed that the SK model could be generalized to models involving p spin
interactions and that in the limit of p — oo they simplified to a random
energy model, which consists of a collection of independently distributed
random ecnergy levels. He was then able to solve this model without
recourse to the replica trick. Gross and Mézard® confirmed his results for
the same p — co model by using the replica method and Parisi’s replica-
symmetry-breaking scheme. Gardner” and Stariolo® studied the model
for finite p. They found that for p=2 and p = co there are two phases, a
high-temperature phase above a critical temperature 7, and a spin-glass
phase below T.. The phase transition is of second order and continuous in
the order parameter g(x) for p=2, but has a jump discontinuity in the
order parameter for p = co. For all finite p > 2 there are three phases, (1) a
high-temperature phase above a critical temperature 7, (2) a spin-glass
phase SG1 which is stable between T, and a second critical temperature
T.,<T., and (3) a spin-glass phase SG2 below T,,. The phase transition
at T, is of second order with no latent heat, but displays a jump discon-
tinuity in the order parameter. The phase transition at T, is of second
order and continuous in the order parameter. Although a stability analysis
shows that the disordered high-temperature solution is stable at all tem-
peratures, its entropy becomes negative at some temperature 7' < T',. This
suggests that replica symetry is broken. By performing the first step in
Parisi’s replica-symmetry-breaking scheme, one obtains the spin-glass
phase SG1. The nature of the spin-glass phase SG2, however, is not
completely understood, since the full replica-symmetry-breaking scheme
would have to be performed in this case.

As we mentioned before, the random Stanley model with infinite-range
interactions given by p=2 and arbitrary »n represents the second limiting
case of our model. The replica-symmetric theory for the corresponding
quenched problem was first presented by Gabay and Toulouse! and
later extended by Cragg et al. to include a stability analysis with respect
to replica symmetry breaking!’? and anisotropic interactions.!*) The
parameter g from Ising spin glasses which describes the overlap between
pure states of the model generalizes to a matrix parameter (¢, ¢'™,..., ¢™)
with the longitudinal and transverse components ¢“> and ¢'”’ being
different in the presence of a magnetic field or some anisotropic interaction.
In addition, a third nontrivial spin-glass parameter d (called the quadru-
polar deformation parameter), which describes the self-correlation (3.3) of
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a pure state of the model, has to be introduced. Just as for the Ising case,
only the high-temperature solution is replica-symmetric, while a Parisi-type
solution with broken replica symmetry and corresponding Parisi functions
gP(x) and ¢‘P(x) describes the low-temperature phases.'*'® In a
magnetic field H, a replica-symmetric longitudinal solution ¢‘7’ =0 exists
above an instability line in H-T space called the Gabay-Toulouse (GT)
line.*") The GT line replaces the de Almeida-Thouless (AT) line®® from
the SK model. Below the GT line characterized by T,,, the replica-sym-
metric solution becomes unstable and freezing of transverse components
g7 #0 sets in combined with loss of time ergodicity, i.e., we have replica
symmetry breaking. However, in a region T, > T3> T,, the order para-
meters ¢'“)(x) and ¢! (x) are nearly constant, i.e., replica symmetry is only
weakly broken. Below a second line characterized by T, and which has
the same H, T dependence as the AT line, strong longitudinal symmetry
breaking sets in. In contrast to the AT line, this second line is not an
instability line, but rather a crossover line from weak to strong replica
symmetry breaking. By introducing an anisotropic interaction —DS]S,
into the Hamiltonian as H — 0, the system will settle into a longitudinal
(P #0, ¢D=0) or transverse (¢*~=0, ¢ #0) spin-glass phase
depending on whether D>0 or D<0. For D~0, the system can in
addition occupy a mixed spin-glass phase (¢~ #0, ¢‘7 #0).(>17

As stated before, in this paper we investigate the model (1.1) for
general n while p — oco. The paper is organized as follows. In Section 2 we
derive formally the free energy and order parameter equations for arbitrary
n and p by means of a generalized replica method. In Section 3 the connec-
tion between our replica formalism and the overlaps and self-correlations
of the pure states of the model is established rigorously. In particular, we
define probability distributions P,; and W,,; which constitute the physical
order parameters of the system and also state two intuitive distributions P
and W which average out some of the information contained in P,; and
W,s. Using a different language and in a slightly less rigorous fashion, this
relationship between the space of pure states and the replica formalism for
n>1 has also been established independently in ref. 16. In Section 4 we
generalize the Parisi theory to n>1. We derive the form of matrices Q,,
which arise in our replica formalism and we describe the geometrical
degeneracy of the solutions. We then state the high-temperature solution
and give a precise description of the theory of replica symmetry breaking
for n>1. In particular, we prove by means of the Holder inequality
that replica symmetry for the diagonal (quadrupolar, self-correlation)
parameters d, is always conserved. Finally, we give a formal expression for
the free energy of our model after k steps of symmetry breaking for general
n and p. In the case of p=2, this overlaps largely with the generalized
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Parisi theory presented independently in refs. 11-17. However, the exact
proof that replica symmetry for the self-correlation (quadrupolar)
parameters d, can never be broken and the discussion of the geometrical
degeneracy of the solutions still represent new contributions for p=2. In
Section 5 we investigate replica-symmetric solutions as p — c0. We find that
only longitudinal solutions are possible, and show the stability of the high-
temperature solution. In Section 6 we derive the low-temperature solution
as p — . The procedure for replica symmetry breaking terminates after
the first step just as for the n=1 model,'® and again, only longitudinal
solutions are possible. We obtain an analytic expression for the spin-glass
transition temperature T, and show that there exists only one spin-glass
solution and that it is stable for all T<T,.

2. QUENCHED ORDER PARAMETER EQUATIONS

In order to perform the average over the quenched random couplings,
we use the replica trick first introduced by Edwards and Anderson.®
However, to avoid confusion with the symbol n for the dimensionality of
the vectors S, we denote the number of replicas by r rather than by » as
is the usual convention. That is, we obtain the quenched free energy A4 by
using the relation

o 1 —
—pA=TnZy=lim ~ (Zyy— 1) (2.1)
r—0

where Z, is the partition function of the system and the bar ... denotes the
average over the quenched random couplings. r is the number of replicas,
which we take initially to be an integer >1 and then analytically continue
to r=0.

From Eqs. (1.1) and (1.2) we have

ip

Z—;VZJ H P(Jil---i,)d‘]il'“

TR A< - <N

a=1 1<ij< - <N

=] M Py dly

TRl < <ip SN

P

X TT (o5, exp(z Y Y Ji-i, "S;---”S;;) (2.2)
p=1 a=1

1<i< e <R EN
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where the indices p, 7, and o refer to replicas. Evaluating the Gaussian
integral in (2.2) gives

L(47)

r n 2
—r p o o
Z'y=Tr (55, €Xp [ AN7-T Y (Z Y ﬂSn...PS,-p) }
Isig<---<psN Mp=1 a=1

=T —(AJ)Z N? 3 3 O(N?P~!} 2.3
- r{”Sr} eXp 4Np71 Z . o qaﬂ pT + ( ) ( v )
p,T= o =

where we have defined
1 N
Qupr=7 2, "Si°S{=0(1) a5 Noow (24)
i=1

We evaluate the trace in Eq. (2.3) by introducing a Lagrange multiplier
matrix A In the limit of large N, we get

af;pr:
Zo2=n (T T dass | T T1 222
—X g f=1 pr=1 —i0 g =1 pr=1
N (n+r)?
X exp[NG(qrxﬁ;pr, j'ocﬁ;pv:):l (E) (25)
where
(AJ)2 n r
G(Qaﬂ;pr’}'aﬂ;pr)— Z Z qiﬁ;pr Z Z }“aﬁ o 9ap;pt
f=1 pr=1 3(/3 1 pt=1

+In Tr (o5, exp < Z Z Aggipe PS% TS‘*) (2.6)

a,f=1 pt=1

Equation (2.5} can then be evaluated by the method of steepest descent,

Z7, 22 exp[NG*]-C (2.7)

where C is a constant independent of N and where G* is the dominant
saddle point of G. The quenched free energy per spin is then obtained from

Eq. (2.1) as
_ — .
<-"—>= lim lim<—-1—ZN >_11m—§— (2.8)
N r

kT N-—>o r—0 2 r—0

if the limit N — oo can be taken before the limit »r— 0 (as is always
assumed in the replica formalism).

From now on, Q,, denotes the n x n matrix with elements ¢,z,,. (p, T
fixed) and Q% denotes the nxn matrix with elements g, . (p, T fixed).
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Similarly, 4,. [4%] denotes the nx n matrix with elements 1,5 ,, (A%, ).
The matrices 4, and Q,. are defined by the saddle-point equations

oG 0
=0, C 0 as ro0 (2.9)
a2 fafipr aqaﬂ;pr

Evaluating these equations yields

plan?
Papipe =" dlpp a5 10 (2.10)
gy = Lozl o1 d8) °S" ST expl3 3., (9) 4, ST 0
’ TTo -1 fyesy=1 d("S) exp[3 2. -1 (“S)" 4,. "S]

(2.11)

We see that when p =1, our vector normalization ||S{| =1 and Eq. (2.11)
lead immediately to the trace condition

TrQ,,=1 (2.12)

whereas we have no such restriction for the matrices Q,, if p #1. Forn=1,
the order parameter equations (2.10)-(2.11) reduce to the Gross and
Mézard result.¢®

3. PROBABILITY DISTRIBUTIONS P, AND W,
FOR THE OVERLAP AND SELF-CORRELATION
OF THE PURE STATES OF THE SYSTEM

Parisi discovered that in the replica theory for the Ising model the
parameters Q,. with p ## 7 (just numbers in this case) can be related physi-
cally to order parameters which describe the overlap between two pure
states of the model.??? The overlap between two pure states ¢ and u of
an Ising system with a fixed configuration 4 of random bonds is defined as

gt u; T)=— Z 8217 (8D us (3.0

{->,o represents the thermal average restricted to the pure state ¢, corre-
sponding to the fixed configuration . On the other hand, the parameters
Q,, for n=1 are simply equal to one and do not constitute variables of the
system.

For n> 1, the definition (3.1) for the overlap between pure states has
to be generalized. Furthermore, we have to introduce a new parameter
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which we shall call the self-correlation of a pure state. We shall prove that
the generalized overlap parameter can be related to the matrices Q.
(p #£7), while the new parameter for self-correlation of the pure states can
be related to the matrices Q,, in our replica formalism. For n> 1, these
matrices Q,, are not completely determined by the normalization condition
Tr Q,,=1 and therefore do constitute variables for the system.

The expression (3.1) is generalized to »>1 by defining the following
overlap between the vector components « in the pure state 7 and the vector
components f in the pure state u, for an n-vector system with a fixed
configuration 4 of random bonds:

Guplt,u; T) = Z (ST 7 {8V (3.2)

==

The self-correlation of a pure state, on the other hand, is defined by means
of the correlation function for the vector components at one site
(8388, as

1

daﬂ(t;g_)zﬁ <S?‘Siﬁ>,;y (3.3)

IIMz

It is also possible to give definitions for overlap and self-correlation which,
though intuitive, average out some of the information about the pure states
contained in the general definitions (3.2) and (3.3):

RS
Hi

=
2= 2=

2

<siT>1;7 <Si>u;,7“= Z qoc:x(t’ uag-) (34)

x=1

33
vk.ﬁ
I

(878> ,.,=1 (3.5)

o

M= 1=

Both sets of definitions, (3.2)(3.3) and (3.4)-(3.5), reduce to the definition
(3.1) for n=1. The second set of definitions requires only a parameter for
overlap since the self-correlation parameter (3.5) is fixed by our normaliza-
tion condition for n-vectors. We shall see below that ¢,; and 4,4 are
related, respectively, to the matrices Q,, (p#1) and Q,, of the replica
formalism. On the other hand ¢ and d, are related to Tr Q,. (p #7) and
Tr Q,,, respectively.

Since the pure states of a spin glass are not related by any apparent
symmetry, they cannot be extracted by means of an external magnetic field.
A magnetic field which prepares a pure state would have to be site depen-
dent and follow the local spontaneous magnetizations. We have to know
these local spontaneous magnetizations before we can define such a field.
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However, it is possible to obtain a description of the space of pure states
by means of the probability distributions (3.8)-(3.11) for the overlaps
9.5, 9 and self-correlations d,5, d. These probability distributions can be
expressed in terms of the matrices Q,, from our replica formalism without
recourse to an external field since it is possible to characterize pure states
by the vanishing of the connected correlation functions (clustering),®*%

(S8 g = (SHY (ST, =0 (36)
(S2SH.- 5288y, (SESEY (SIS, ;=0 (37)

non a=u nTn uTu

By following Parisi®"** and De Dominicis and Young,*® we establish the
relation between the distributions (3.8)—(3.11) and our replica formalism.

We now merely define the distributions and state the results. For a
fixed configuration of random bonds 7, the probability distributions for
the overlaps ¢,5, ¢ and the self-correlations d,;, d defined in Egs. (3.2)-(3.5)
are given by

K
Pozﬂ;ﬂ—(qozﬂ)= Z Pt;ﬁ“Pu;f 6[q1ﬂ—qaﬁ(t» U, g—)]
et (3.8)

K
Wxﬁ;f(dzﬁ)z Z P, 5[daﬂ_dcxﬁ(t; T)]

t=1

and

P,(q)= 3 P, P,.r0lq—qt.u; T)]
‘: (3.9)
Wild)y=) P,,0d—1)=5(d—1)

The averages of these distributions over the random couplings become

Por/}(qocﬂ) = Puﬂ;ﬂ“(qczﬂ)

e (3.10)
Waﬂ(da(ﬁ) = Waﬂ;f(dzxﬂ)

and

P(gy=P,(q)

(3.11)
W(d)=W, (@) =d(d—1)

Even in the case of the nonrandom s-vector model (where these prob-
ability distributions can be defined in an analogous fashion), Pz, W4, and
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P are nontrivial if n> 1. For p=2, they can be expressed analytically and
for general n in terms of hypergeometric functions ,F,, or alternatively,
associated Legendre functions of the second kind Q,.?” We shall see in the
next section that the distributions P,;, W,s, and P for the nonrandom
model describe the geometrical degeneracy of the matrices Q,, and of the
longitudinal part of the matrices Q,. (p # 1) for our quenched system.

As mentioned before, the probability distributions (3.10)-(3.11) can
now be expressed in terms of the parameters g, from the replica
formalism in Section 2. In ref. 26 we show that

. 1
chﬂ(qozﬂ) = lim -_-T Z 6(qaﬂ‘ qaﬁ;pr)
r-or(r—1) = (3.12)

N
chﬁ(daﬁ) = lm}) -r— Z 5(dotﬁ - qatf;pp)
r— p=1

and

Z é(q—TI' Qpr)

P(q):,hi%r(r—l)p#r

. (3.13)
W(d)=1in%% Y 8(d—TrQ,,)=6(d—1)

The replica formalism in the previous section indicates that a complete
description of our model is only possible if we take the full set of
parameters ¢, ,, into consideration. This eliminates the description (3.13),
and the probability distributions P,;(q.5) and W,4(d,,) for the overlaps
and self-correlations of the pure states of the system become the physical
order parameters. However, it is still possible to give a “mean-field
description” of our mean-field model by using the functions (3.13).

4. GENERALIZING THE PARISI THEORY TO n>1

For n=1, the replica formalism generates an order parameter matrix
2=(Q,.), where each Q. is a number. For n> 1, the replica formalism
generates an order parameter matrix 2= (q,4,,.), i.€.,, an order parameter
matrix 2=(Q,,), where each element Q, is now an nxn matrix. This
introduces two new features to the problem.

First, the diagonal elements Q,,, which did not constitute variables of
the problem for n =1, become variables when n > 1, since the trace condi-
tion Tr Q,, =1 no longer fixes Q,,. While the procedure for replica sym-
metry breaking generalizes in a straightforward manner to n> 1 as far as
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the off-diagonal matrices Q. (p # 7) are concerned, it is not a priori clear
if and how replica symmetry should be broken with respect to the
on-diagonal matrices Q,,. In particular, the concept of ultrametricity loses
its meaning. In fact, we shall prove rigorously that if replica symmetry for
the off-diagonal matrices Q,. (p # 7) is broken according to a generalized
Parisi scheme, then the matrices Q,, along the diagonal must be replica-
symmetric.

The second problem is what form the matrices Q,, should have and
how their form should change as replica symmetry is broken. It is useful at
this point to introduce the notion of component symmetry. We shall say
that an off-diagonal matrix Q,. (p #t) is component-symmetric if all its
elements are identical, and we shall say that an on-diagonal matrix Q,, is
component-symmetric if, respectively, all its diagonal elements are identical
and all its off-diagonal elements are identical. Formally,

q“mp‘t = qpr V(X, ﬁ 1f P 7,: T

op;pp = 4pp Va#p (4.1)
1
qacoz;pp = _}; Vo

In the case of only one pure state for the system, we shall see below that
we must have both component symmetry and replica symmetry. Both
replica and component symmetry are thus a requirement for any high-
temperature solution. At low temperatures, both component and replica
symmetry must be broken. The way in which component symmetry is
broken is uniquely determined apart from a geometrical degeneracy which
is independent of the bonds and which corresponds to the time-reversal
symmetry of the n =1 model.

4.1. Form of the Matrices Q,

From Eq.(2.6) we see that for p=2 the expression G remains
unchanged if we multiply each matrix Q. from the left with an orthonor-
mal matrix O, and from the right with an orthonormal matrix O.. This is
because the Euclidean matrix norm is invariant if a matrix is multiplied by
an orthonormal matrix and because of the symmetry of the integral. Thus,
the solutions Q. will have a degeneracy

0,,=0;0,0. (p=2) (42)

where 0 .- denotes some standard form of the matrix Q.. For p> 2, we see
from Eq. (2.6) that the solutions Q,, can only have a restricted degeneracy
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compared to p=2, with the orthonormal matrices O, being replaced by
permutation matrices P, :

0,.,=P;0,,P. (p>2) (4.3)

The n! matrices P, are defined to permute the components of a vector
upon multiplication by them.

The degeneracies (4.2) and (4.3) of our solutions Q,, arise from the
symmetry of the Hamiltonian (1.1) and are the analogue of the time-
reversal symmetry we find for the n =1 model. The explicit form of the @,
is then derived as follows.

41.1. Q,,. If we consider the spectral decomposition of a 2x2
matrix, we see that the most general 2 x 2 matrix Q,, which is symmetric
and has a fixed trace Tr Q,,=1 can be written in the following form:

Q,,=n'(1—-d,)I+d, 3®)" (4.4)

where n=2, I is the unit matrix, ¥ is some unit vector, and 4, is an order
parameter. This equation will only produce the required degencracy (4.2)
for p=2 when ¥ is arbitrary. The arbitrary unit vectors ¥ correspond physi-
cally to the arbitrary orientations of the magnetic field and are replaced by
the Cartesian unit basis vectors &, when p > 2. Since the magnetic field and
the unit basis vectors play the same physical role for #>2 as they do for
n=2, we find that the most general form of the matrices Q,, must be
given by

Q,,=n"‘(1—d)I+d,- *5("8)7 (p=2)
Qup=n"'(1=d)+d, -&,)(&s,))" (p>2)

where the #§ represent arbitrary unit vectors and where the function f(p)
maps replica indices onto coordinate numbers «. If we extract the
degeneracies (4.2) and (4.3) from the expressions (4.5), we see that the
matrix Q,, is of the form

(4.5)

0,,=n ‘diag[l+(n—-1)d,, 1—d,..,1—d,] (4.6)

This matrix could also have been obtained by making an ansatz for the
maximum anisotropy we expect for the eigenvalue spectrum in an n-vector
system, i.e., a nondegenerate (longitudinal) eigenvalue and a (transverse)
eigenvalue with (n— 1)-fold degeneracy. We shall call 4, the self-correlation
parameter, since it determines the probability distribution (4.12) for the
self-correlation of the pure states of the system. It is also called the
quadrupolar deformation parameter in the literature,**~!")
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41.2. @, (p#T). We expect the same maximum anisotropy for
the eigenvalue spectrum of pr when p # 1. Thus,

0,.=n"diaglg®, ¢0,... 40T (p#7) (4.7)

where ¢'%) denotes the nondegenerate (longitudinal) eigenvalue and ¢(”

the (transverse) eigenvalue with (n— 1)-fold degeneracy

It is interesting to note that for ¢\Y=m? ¢(7=0, and n~'(1~d,) =
1/(2J) when p=2, and ¢\5'=¢% ¢'7 =0, n"’(l— ) =1/(pJg” %) when
p>2, Egs. (4.6) and (4.7) combined with the degeneracy (4.2)-(4.3)
represent the matrices describing the overlaps and self-correlations for the
pure states of the nonrandom n-vector model.?”’ This confirms that the
degeneracy in the matrices Q. is just a geometrical effect of our spin model
which is independent of the bonds and any randomness. This “geometrical
degeneracy” corresponds exactly to the time-reversal symmetry of the n=1
model, which is also independent of bonds and randomness.

4.2. The Geometrical Degeneracy of
Broken Component Symmetry

Because of the degeneracy (4.2) and (4.3), it suffices to consider the
solution matrix I =(J,.) = (§up.,.) With 0,. given in Eqs. (4.6) and (4.7).
The most general matrix 2=(Q,.) is then obtained by means of a
similarity transformation

2=T73T (4.8)
where T is of block diagonal form,

T =blockdiag(T,,..., T})

{0, (p=2)
fo= {P,, (r>2) *9)

and the matrices T, are arbitrary orthonormal # x n matrices for p =2 and
arbitrary »n x n permutation matrices for p> 2.

As we mentioned above, the geometrical degeneracy of the solutions
expressed in Eq. (4.8) corresponds to the time-reversal symmetry for the
n=1 model. The latter is incorporated into the formalism for n=1 if we
include a field A= +1 into the probability distribution P for the overlap of
pure states

Plg)=1 X X dg-hQ,) (4.10)

or(r——l | e

822/71/3-4-3



392 Taucher and Franke!

The field 4 simply makes P(g) symmetrical about the ordinate, P(g)=
P(—q).

In the same fashion, the geometrical degeneracy (4.8) is incorporated
into the probability distributions P,z and W, for the overlap of pure states
when n> 1:

Y, Y gy <ol T70,.T, )

{T} p#ET

Paﬁ(thﬁ) hm (r . 1

(4.11)
ac[i(do(ﬂ)—hm Z 25(%; | T}0,,T, |B))

OF(ry p=1

where for notational reasons we have temporarily written the element M ;4
of a matrix M as {a| M |f)> and where 3,7, denotes the sum over all
possible configurations of the matrix T.

This geometrical degeneracy of P, w and W, is nontrivial when p =2.
As we mentioned before, for ¢\ =m? ¢(0=0, and n~'(1—d,)=1/(2J)
the matrices Q. describe the overlaps and self-correlations for the pure
states of the nonrandom n-vector model.*” That is, W,; and P, for the
nonrandom model describe precisely the geometrical degeneracy for the
quenched matrices @,, and the longitudinal part of Q,,, respectively. In
ref. 27 we have shown that the nonrandom W s and P,z can be expressed
in terms of hypergeometric functions ,F,, or, alternatively, associated
Legendre functions of the second kind Q,.

Since the geometrical degeneracy is simply superimposed on our
standard solutions 2= (0,,) = (§.s.,.) from Egs. (4.6)-(4.7), we shall only
be concerned with solutions of this form and the corresponding (unsym-
metrized) probability distributions

( 1
}lff)r(r—l),éf (5= 45 *=F
= b (1) =B>1
Poy(gag) = lim r(r—l):éi (45— 9% a=p
0(qup) else
. (4.12)
( l+(n—1)d
hm Z by ( _t(i_u) a=p=1
r—0 r n
W“ﬂ(d“ﬁ)=< fim © 2 5( 1_‘1") a=p>1
r—>0Vt p=1 n

\6(d.p) a#p
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4.3. High-Temperature Solution:
Replica and Component Symmetry

At high temperatures, we expect only one pure state. Because of
the degeneracy (4.8) and Eq. (4.11), this is only possible if we have both
replica and component symmetry. With 0 denoting the zero matrix, the
only possible high-temperature solution is therefore

Q,,=0 Vp#t
1

Qpﬂ:;[

(4.13)

4.4. Low-Temperature Solutions:
Breaking the Replica and Component Symmetry.
Longitudinal, Transverse, and Mixed Solutions

From Egs. (4.6)-(4.8) we see that component symmetry is broken
whenever we have one ¢{~" #0 or one d,#0. The way in which it is
broken is completely determined by Egs. (4.6)-(4.7) as soon as we choose
the three order parameters ¢'~), ¢{, and d, (modulo the geometrical
degeneracy described above). This allows for longitudinal (¢,, =0), trans-
verse (¢’ =0), or mixed (¢'%, ¢{7 #0) low-temperature solutions. On the
other hand, replica symmetry is broken if any of the parameters ¢{™ and
d, varies between replicas.

When replica symmetry is maintained, Eqs. (4.6)-(4.7) allow for

low-temperature solutions of the form
0,.=diag[¢", ¢7....q"1  (p#7)

~ (4.14)

Q,,=n"'diag[1+ (n—1)d, 1—d,.,1—d]
However, we expect this solution to be unstable for n> 1, just as it is for
n=1. The fact that for n>1 we have the far more extensive geometrical
degeneracy of pure states described before replacing the time-reversal
degeneracy of the n=1 model is not sufficient. We still require the
additional degeneracy of the pure states brought about by the random
configurations of bonds. This degeneracy can only be generated by
breaking the replica symmetry.

But how should the replica symmetry be broken? The Parisi recipe for
n=10%222% generalizes immediately to the order parameters ¢'%), ¢!,
which can simply be treated (as pairs) like the corresponding single
parameters g,, for the n=1 model. However, as a scheme for breaking the
symmetry of a two-dimensional array of parameters g,., Parisi’s scheme

does not tell us anything about how the symmetry in the one-dimensional
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array of parameters d, should be broken. In particular, the concept of
ultrametricity loses its meaning.

One of the fundamental features of the Parisi scheme is that the maxi-
mum overlap of a replica p with another replica is the same for all replicas.
Therefore, it stands to reason that the self-correlation should be the
same for all replicas. In other words, replica symmetry for the diagonal
parameters d, should not be broken, even at low temperatures.

This rather intuitive argument can also be made rigorous. In ref. 26
we show by means of the Hélder inequality that if symmetry for the off-
diagonal parameters ¢'>™ is broken by following the Parisi procedure,
then the self-correlation parameters d, must be replica-symmetric in order
to find the dominant saddle point for G in Eq. (2.6).

Consequently, we can adopt the following recipe for ﬁndmg the low-
temperature solution of the matrix 2 = (0 o)t

1. Replica symmetry for the off-diagonal (overlap) parameters q(L n

is broken according to the Parisi scheme for n =1 by simply performmg all
symmetry-breaking steps on pairs of parameters ¢'%), ¢'”) rather than on a
single parameter g,,. In a more formal fashion, after k steps of symmetry
breaking, we obtain a sequence of subdivisions of the set of replicas into
cluster sizes

rEme=m 2m,= - 2me2m =1 (4.15)

and associated with it a hierarchy of overlap parameters given by

gL =g®D if 1<£>=1<i> and 1( P )#1( T)
m; m; m;iy m; 4

(p#1;i=0,1,2,..,r) (4.16)
0<gf’<g"< g <1

0<gy”<qi”"< g <1

where I(x) is the smallest integer greater than or equal to x.

2. Replica symmetry for the diagonal (self-correlation) parameters d,
is conserved, i.c., d,=d for all p.

The actual matrices (,. are then determined from the order
parameters ¢'~™ and d according to Egs. (4.6)—(4.7).

Eventually, just as for the n=1 model, the procedure of breaking the
replica symmetry is carried out an infinite number of times and the free
energy a/kT, which was originally a discrete function of the parameters
q'>"), m;, and d, becomes a functional of Parisi-type functions ¢ 7(x)
and a parameter d. And the problem of maximizing a/kT with respect to



Quenched n-Vector p-Spin Model 395
the ¢'*”), m;, and d has been reduced to the variational problem of
maximizing a/kT with respect to ¢"~7(x) and d.

In this paper, however, we shall restrict ourselves to breaking the
replica symmetry in the limit p — oo, which allows the symmetry-breaking
procedure to terminate after a finite number of steps.

The derivation of the free energy (2.8) after k& steps of symmetry
breaking is given in ref 26. Since it involves a considerable amount of
algebra, we merely state the result here, which in the limit » - 0 and by
setting d, = d becomes

(1)
a _ o Ak
(kT) In 2% +—= >

k n (&J(
+ 3 (m—my) ) —Li A
i=0

a=1

(AJ)Z[ 170 1}

(T)d n (oz)d
K)o

o __(AJ)z a p—1
k Dy~ S oy

x=1

——%Jio Dxy1n fio Dx,

o my/m;
X[J Dx, [F(n, k, A, d, X,-)J"’k/mk+‘-~} (4.17)

— o0

Here, we have used the conventions

(L) 3(L) —
q", A a=1
me=0 my =1, AL =, g™ A(“):{ 70
> +1 ld P ](T)’}L](T) O(?él
X; T
Dx,= (27t)jn/z e MR (4.18)

and we have defined the functions

w(d) = [.li(inll_)é], w(d) = (1—;> (4.19)
and

Fln, k, 2%, d, x;]

1 2
=[ @ 0=y enp {5 O ) - 24114 40)
1

k
iy x}(/l}“—/l}f)l)”z}

o5l oA = 202 11, (1= 3%)12]
T o (7~ AT 1(1—y)”2](" e

(4.20)
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with ||al|,_;=[Y"_,(a*)*]"* and I, denoting modified Bessel functions of
order v.
Finally, the order parameter equations (2.10) become
p(47)*
2

(AJ)

/{;L,T)z [q}L,T)]pfl
(4.21)
pE D) = B D (d) ]!

5. REPLICA-SYMMETRIC SOLUTIONS AS p—

5.1. Replica-Symmetric Free Energy and
Order Parameter Equations for General p

By setting k=0, m; =1, g~ =g, and AT =2%T) in Eq. (4.17),
we obtain the replica-symmetric free energy per spin

<_"_>= —1n2n(”‘1)/2+£(i)— i ﬂ{im (4n [q®7]7~ 1} n®
2

kT =2 2
z": w(u){ o (AJ) [w]7 1}
o0 w 1
—j ij DRlnj dy 0o(x, v, R) (5.1)
— 0 0 -1

where

2
0ol 3. R)= (1= y7)0 = exp {5 [~ D 1004 57

L3[R (1= y?)'7]
AUN12 (n—3)/2 .
+ yx{A™) } [LR(LT)2 (1= 2) 210 (5.2)
and
. 4R2/2Rn72
PR=—"2° dR (53)

I((n—1)2) 27

Variation of the free energy (5.1) with respect to ¢'~ and p~" simply
recovers the order parameter equations (4.21) for the replica-symmetric
case s
A(L,T):p(AJ) [q&T]Pt
2
( 7 (5.4)
paJs)
p D) = B [ D))
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Differentiating the free energy (5.1) with respect to u'“) gives the order
parameter equation for the diagonal (quadrupolar) parameter d,

1+(n—‘1)d * “ A j171dyy290(x; J/>R)
—_— Dx| DR 5.5)
n J j fLydyoolx, y, R) (

The variation with respect to p'”’ yields nothing new. This is a manifesta-
tion of the trace condition Tr Q,, =1, which translates into pH +
(n—1) p'” = 1. Differentiating a/kT with respect to A" gives the order
parameter equation for the longitudinal parameter ¢,

0 © o T dy yoo(x, y, R)T?
@ = D DR[Ll o ] 5.6
q f xJ jl—ldyQO('xa Vs R) ( )

Finally, the variation of a/kT with regard to A" produces the order
parameter equation for the transverse parameter g'%),

(1)

— 0 o}

o " dy g(y, R) 04(x, ¥, R)
1_ (T)= .[ H 0 s
1 JLOODXJO DR I 14y olx, ¥, R)

5.7
, I(n‘l)/ZI:R(;”(T))I/Z (I-y )1/2] R(1 _y2)1/2 C7)
gy, R)y==+ V172 i/ (DN 172
2 I(n——3)/2[R()' )=yt 2(A)
where we have used the relation
I
_a__ V(Z)_Iv+1 (58)

oz z° z’

for modified Bessel functions.® Equations (5.5)-(5.7) represent the
general order parameter equations (2.11) for the replica-symmetric case.

5.2. Replica-Symmetric Free Energy and
Order Parameter Equations as p — «©

In the limit p — oo, the order parameter equations (5.4) can only be
satisfied if A¥~0 (for ¢ <1) or if A~ (for ¢ =1). With the
relation®’

_z2)

1 .
To+D) for small z (5.9)

I,(z)~

(7)

the order parameter equation (5.7) for ¢'*’ yields

gT=0 (5.10)
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when 1(¥) ~ 0. On the other hand, with the relation
Iv + I(Z)

1,(z)
Eq. (5.7) cannot be satisfied when ¢ =1, 1"V~ o0. This means that the

system can only occupy a longitudinal state ¢'” =0 for large p.
In case of ¢ =0, Egs. (5.5)-(5.7) reduce to

L 1 d (L) , 2
L

~1 for large z (5.11)

and

Lo d_ =, [ e )

(5.13
n Fhidy ofPAx, y) )

where

2
(L)(x y)—— (1 2)(n—3)/2 exp {ZZ_ [H(L) (T) l(L)] + yx(/l(l‘))l/z} (5_14)

Combined with the result that we can only have a longitudinal solu-
tion ¢/ =0, Egs. (5.4) (for ¢ =0) and (5.12)-(5.13) represent the order
parameter equations of our model when p is large. The corresponding free
energy from Eq. (5.1) becomes

<Z>=_1n_2ﬂ”i_gﬂ{w N
kT I'(n—-1)2) 2 2

(o) 2

a=1

oo 1
—j DxIn j dy 0P (x, ¥) (5.15)

5.3. High-Temperature Solution and
Transitions to Low-Temperature Phases as p —» o

The simplest possible solution of Egs. (5.4) and (5.12)—(5.13) is
gP=d=0 (5.16)

This represents the high-temperature solution (4.13). The (unsymmetrized)
probability distributions (4.12) for the overlaps and self-correlations of the
pure states of the system are obtained immediately as

Paﬂ(?aﬂ) = 5(%/})

Waﬂ(daﬁ) = {5(‘1043 l/n) a=p

8(d,g) oy (5.17)
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in agreement with the fact that we have only one pure state. The
corresponding free energy from Eq. (5.15) becomes

a4y , 22
(kT)” T4 " Tmp2)

(5.18)

We note that this high-temperature free energy holds for arbitrary p
as well. The additive constant term is a result of our spin density 4S
and could be made to vanish by simply choosing the spin density
dS/[2n"*/I(n/2)] instead. It is of no physical relevance since it leaves the
thermodynamics of the system unchanged. The choice of spin density
expresses how many states we count on the unit sphere. In particular, this
means that the temperature where the corresponding high-temperature
entropy per spin
T2 n/2
- ({Jl) 5+klIn 2
4n? kT I(n/2)

5= (5.19)
becomes negative is not a critical temperature for the system as it is for
n=1. The A4J was defined in Eq. (1.2).

At low temperatures, at least one of the parameters d or ¢'*) must be
greater than zero. By expanding the right-hand side of Eq. {5.12) for small
values of d and ¢“, we find

w _ P4J)
1 2n?

(L)

[¢717 "' +0{[¢"1"~"d} + O{[¢'"" """V} (5.20)

For p > 2, this equation for small values of g’ cannot be satisfied. Thus,
the order parameter ¢'*’ for large values of p must display a jump discon-
tinuity at a certain transition temperature T, from the high-temperature
phase with ¢'*)=0 to a low-temperature state with ¢’ >¢>0. The
temperature T, has to be obtained numerically from Eq. (5.12) when p > 2.

We note that for p=2 Eq. (5.20) yields the phase transition point
4J,=n in agreement with refs. 9-17 (if we take the spin normalization
ISI =\/Z into account). Since (5.12) corresponds to a longitudinal solu-
tion, this shows that 4J, is independent of the particular low-temperature
ansatz, as one might expect from the argument that 4J, corresponds to the
temperature where “off-diagonal” fluctuations of the most general matrix 2
away from the high-temperature solution are allowed.

Expanding the right-hand side of Eq. (5.13) for small values of d and
g™, on the other hand, gives

_plp—1)(4J)*

=T sy 4 0@+ 0Ldlg 1P+ O([g T ) (521)
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This yields the transition point 4.J, from the high-temperature phase with
d=0 to a low-temperature state with d>0:

_ 2n1”1(n+2)}‘/2 .
4 [ 2 1) (5:22)

For large p, this means that a continuous transition to a spin-glass state
with d> 0 is only possible as T — 0. For all finite spin-glass transition tem-
peratures T, and for large p we must therefore have a jump discontinuity
in the self-correlation (quadrupolar) parameter d as well. This will be
confirmed by our findings in Section 6.

Since we do not expect any replica-symmetric low-temperature
solution to be physical for the reasons listed in Section 4, we shall not dwell
on their investigation here, but rather proceed to breaking the replica
symmetry in the next section. We conclude by proving the stability of the
high-temperature solution.

b.4. Stability of the High-Temperature
Solution as p - ®

The free energy a/kT given by Egs. (2.6) and (2.8) will be stable with
respect to fluctuations of the general solution matrix 2 = (q,g.,.) about its
equilibrium configuration if the Hessian of a/kT with respect to g,y ,. is
positive-definite. The auxiliary parameters 4,5, have to be expressed in
this connection in terms of the physical parameters g5, by means of
Eqg. (2.10). Because of the geometrical degeneracy described in Section 4, it
suffices to consider fluctuations of the standard matrix I=(J,,) with
diagonal 7 x n matrices J oo given by Eqs. (4.6)-(4.7). For large p, it then
suffices further to restrict fluctuations to the longitudinal ansatz

0,.=n""diag[g;-,0,.,0]  (p+#1)

~ (5.23)
Q,,=n""diag[1+(n—-1)d,, 1—d,,..,1—d,]

After inserting this longitudinal ansatz combined with the relation (2.10)
into Eq. (2.6), the stationarity of the free energy (2.8) depends only on fluc-
tuations 7, of the off-diagonal parameters ¢'>’ and on fluctuations ¢, of
the diagonal parameters d,. Thus, the situation is completely analogous to
the stability analysis performed by de Almeida and Thouless®® for the
Sherrington—Kirkpatrick model.

In ref 26 we have shown by means of the Hélder inequality that the
free energy can only be stationary if all the diagonal parameters d, are
equal to some 4. Since at high temperatures d is uniquely determined
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{d=0), the high-temperature solution will then be stable with respect to
arbitrary fluctuations &, of d,.

It remains to be shown that the solution is stable with regard to fluc-
tuations of the off-diagonal parameters ¢'~’, i.e., with respect to fluctuations
which lead to replica symmetry breakmg By following ref. 20, one shows
that the eigenvalue of the Hessian of the free energy (2.8) corresponding to
these fluctuations is given by

oG 0’G 0*G

EV=— +2 - : (5.24)
A0 020 T2 920 330 it D)

where p#t#0+#v, G is defined in (2.6), and we have expressed all
parameters ¢~ in terms of 12 by means of Eq. (2.10). EV is independent
of the partlcular realization of the replica indices because of the symmetry
of the system. In order to evaluate EV for the replica-symmetric solution

g2 =q'", we require the following expectation values for the spin
components:
VITIETIEN w dy yei” |’
(st Sl>=q(“=f Dx[w
o U gy v
polzgQlpol zgQly j y____._y
(PSTSTIS S>_LoDx jl dyQ(“J

(5.25)

w Ldy Yol I dy yel”
<psl1slpslasl>: DX :'[ :I

Lo i f‘_ldygé“ [Lidyef”
L1 dy yet™ )
b

where o) has been defined in (5.14). From Egs. (2.6), (5.24), and (5.25),
the stability condition EV >0 for our replica-symmetric (longitudinal)
solution then becomes

(L) 1 2 (L) 1 (L)
q 0 fLidy y% {11 dy yo§
(p-l)i‘L’_f-ocDx{I’ B _[J” dy@‘“ Ry

For p>2, the first term on the left diverges for the high-temperature solu-
tion ¢'“2 =0, while the integral is always finite. Thus, the high-temperature
solution for large p is stable at all temperatures. This is analogous to the
result for the n=1 model found by Gardner.”

Of course, for finite (not too large) p > 2 we should have to investigate
the stability of the high-temperature solution with regard to formation of
transverse or mixed spin glasses as well. This is why Eq. (5.26) can only

<PS1 rslaslvsl>=foo Dx
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represent the stability condition for large p. However, we believe that the
same divergent term will make the high-temperature solution stable for
finite (not too large) p > 2 as well.

6. BREAKING REPLICA SYMMETRY AS p— w

6.1. Solution

Let us consider the first step of symmetry breaking. By setting k=1,
m,;=m, and m,=1 in Eq. (4.17) we obtain the free energy

a 2D g (AJ)2
T I {Am (4977~ 1}
(&) R RT

n [C3) (AJ)Z
~t=m 3 a0 gy

a=1

(T)(d) n i W(a)(d) {'u(a)(d) __(A_'zj)_2_ [W(a)(d)]p7 1}

—ljw DxoIn | Dx, F" 6.1)

myJ_ —

with

FEJII

2
dy (1 — y?)" =92 exp {y? [p® — D — 18 4 4

VL) 2 4 = 2020

I(n—~3)/2[ HXOM(()T))I/z + Xl(lﬁﬂ - )“E)T))lﬂnn—l (1- y2)1/2]
L5 Txo(H§7) 4, G = 25, (1= 277

(6.2)

In the limit p — oo, the order parameter equations (4.21) can only be
satisfied if ¢ <1 and A{”~0 or if g/’ =1 and 2 ~ 0. Let us assume
that A7 ~0 and {7 ~ o0. By using the relation®

I[(z)~e’/2rz)** as z—- o (6.3)

the variation of the free energy (6.1) with respect to A{"’ then yields
¢i" =0, in contradiction to our initial assumption ¢{”’=1. The same
happens if we assume A{", 1" ~ co. Thus, we must have A{", {7~ 0,
ie, g <q{" < 1. Variation of the free energy (6.1) with respect to A{"
by using the relation (5.9) and A{", {7 ~0 gives
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Just as in the replica-symmetric case, we find therefore that the system for
large p can only occupy longitudinal low-temperature states after the first
step of symmetry breaking.

In order to have nontrivial symmetry breaking, we require g{* < g
Then A{Y, A{¥) ~ 0 simply recovers the replica-symmetric case. Hence, we
have q(L’< q‘“ = 1. That is, the procedure for replica symmetry breaking
from Section 4 terminates after the first step. This is analogous to the n=1
model considered by Gross and Mézard.(®

The free energy (6.1) for the longitudinal solution (6.4) becomes

" 211
(k‘T)P“‘ T(i=1)2)
80 Ly 4D,
{0 -G -]

—(um%{;&“ W)z[ “e- 1}

(L),

W(Lz)(d) {IU(L) (AJ)z [ (L)(d)]p—l}
(n (7 2
Sl —Uw(d) fur - rwmiay 1}

"EJ onlnf Dx; Fn, p®, p'D 20, 240, %0 x,]"  (65)

w(d) = [”_(”n:_lﬁl} wD(d) = (% (66)

and the function
Fln, ,u(L) ﬂ(T) /l(L) }t(“ Xo» X1 ]

with

_f dy (1— y) =32 exp {_ [ — yD 407
Y+, 00 = 260 (67)
A{¥) and u™ 7 are determined by the order parameter equations (4.21),
1y Pl4J)? _
A}L):T) [g®)]7~!

(6.8}
f" = P(AJ) [w (LT)(d)]p f

combined with our result above that 1§’ ~0 and {9 ~ oo.
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This allows the triple integral in Eq. (6.1) to be expanded asymptoti-
cally. First, we expand the free energy (6.1) for 1§’ ~0, A% ~ o0, and

(L) _ (1)

a <1l—m

. H
lim
AP w0 1

Differentiating the result with respect to A{*), however, yields
(1—m)q{~/2~0, in contradiction to our initial input g;=1. Thus, we
have

(L) __ (1)

.M I
> (1 - .
e a4 7

This is consistent with our physical expectation that the self-correlation
w5 of a pure state should be at least as big as the largest overlap between
two pure states given by ¢'¥) =1, ie, u'® —u™ > 1Y, Expanding the free
energy (6.1) for A{F ~0, 1{*) ~ co0, and the condition (6.9) gives

a 1 1 ATV
<—a—>~—n In2n——1In2- mqo {,1(()“ “J)y g (L)]pl}

kT 2 m 2
(L) (L) 2
H1-m) 1w I {z‘l” G gy ‘}
2 2
S o B iy

(7) 2
#n ) M= S e

—1
In [u — p ™ — (1 —m) A{)]

1
0 {UBL)]Z’m“—u(”—(l—m)i&“} (6.10)

For n=1, this free energy agrees with the Gross and Mézard result.®

Differentiating the free energy with respect to ¢, ¢{*), and d simply
recovers Eq. (6.8). Differentiating with respect to A{Y, /1‘“ ) and p'?
gives

g§’=0, ¢P=1, d=1 (6.11)

consistent with our initial assumptions.
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Finally, the variation with respect to m yields
m*(4J)?*=4In2+42(n—1)m (6.12)

where we have used Egs. (6.11), (6.6), and (6.8). Since 0<m< 1, this
means that solutions exist only if

ATz 40, =[4In2+2(n—1)]""? (6.13)

The spin-glass transition temperature 7, = AT/(k AJ,) agrees with the
Gross and Mézard result for n=1 and decreases as » increases.

In contrast to the n=1 model, however, T, for n>1 does not
' represent the temperature where the entropy of the high-temperature solu-
tion turns negative, as we explained in Section 5 in conjunction with
Eqs. (5.18)—(5.19).

The (unsymmetrized) probability distributions (4.12) for the overlaps
and self-correlations of the pure states of the system are obtained as

_(md(g.p)+(1—m)d(g—1) a=p=1
Pupldap) = {5(%,,) else
Sdy—1) a=p=1 (6.14)
_ )0\ ap— =P=
Wapldeg) = {5(4,,3) else

where m represents the solution of Eq. (6.12), noting that 0 <m < 1:

n—1+[(n—1)>+(4J) 4In 27"
" (4])?

(6.15)

The free energy is evaluated by inserting m together with Eq. (6.11)
into (6.10). We find

a (47)*1n 2 X, n—1
kT X 4772

—1 1
In X+~ 1n£+0<—) (6.16)
2 4n r

with
X=(n—1)+[(n—1)>+(4J)*41n 2] (6.17)

For n>1, we see that the free energy diverges as p — co. This is a
result of the fact that for n> 1, and due to our spin normalization ||S]| =1,
individual spin components S? are <1. Each interaction term in the
Hamiltonian (1.1) therefore consists of the product of p spin variables of
magnitude <1 and becomes itself of order ¢ with 0 <& < 1. This results in
a scaling of the free energy with p if the spin variables are on average
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unequal to one or zero in magnitude, ie., if (&) #0, l. For n=1, this kind
of scaling is not observed, since ¢ is always equal to one.

Unfortunately, the explicit form of scaling is difficult to establish
ahead of the actual calculation. Equation (6.16) shows that for the spin-
glass phase it is of order 4(n—1)In p in the free energy. This is certainly
different from the scaling of the high-temperature free energy given in
Eq. (5.18). However, it is precisely the scaling we find for the low-tem-
perature solution of the annealed n-vector p-spin model. The free energy for
the latter, in the limit p - co and by taking the normalization |S| =1 into
account, is given by®

(4T)> 2"

<i> 4?1 " T2y o

kT 4J)? —1 1

annealed f 1 2n(n—1)/2_(__)__+n Inp+0O{—]), T'<T,
4 2 b

(6.18)

Because of Eqgs. (2.3) and (2.8) for the quenched model and the
corresponding equations for the annealed model, it is always possible to
obtain a finite low-temperature free energy per spin by performing the
following scaling transformation:

AT,

=pp<n71>/2’

47 (Sl = p& =172 (6.19)

as p — o0. We assume AJ, to be an intensive quantity. This scaling trans-
formation simply adds a constant —(n—1)In p to the free energy, which
therefore cancels the divergent term in both the quenched and anncaled
low-temperature solutions. However, the same scaling transformation
which makes the low-temperature free energies per spin finite makes the
high-temperature free energies diverge. In other words, for n>1 there is
not a universal scaling which could be introduced right from the start into
the formalism and which would keep both the high- and low-temperature
free energies per spin simultaneously finite as p — co. In this sense, an
anomalous feature emerges from the model (1.1) with respect to scaling at
p= 0.

We also note that the low-temperature free energy (6.16) is larger than
the high-temperature free energy (5.18) for all finite temperatures T< T,.
This is a consequence of the fact that in the replica formalism the free
energy has to be maximized in order to find the equilibrium configuration
of the system. This is in contrast to ordinary statistical mechanics (cf. the
annealed case) and represents a feature of all spin-glass models, even when
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evaluated by some alternative method (cf. the n=1 model considered as
the random energy model ).

Finally, we see that the free energy has a jump discontinuity at the
spin-glass transition temperature 7,. This indicates a first-order transition
with latent heat. It is in contrast to the spin-glass transition for the n=1
model as p — oo, which is only of second order with no latent heat.®7)
Furthermore, the free energy (6.16) displays a temperature dependence for
n> 1, while the corresponding free energy for the n=1 model is constant
at all T<T,. The latter is a consequence of the n=1 model being
equivalent to the random energy model where below T, only one low-tem-
perature state exists. It also makes it seem unlikely that our model for n> 1
and p — oo could be solved by an alternative method similar to the random
energy model.

6.2. Stability of the Low-Temperature Solution as p - »

We now investigate whether the free energy given by Eqs. (2.6) and
(2.8) is stationary with respect to fluctuations of the order parameters
q.p;. @bout the equilibrium configuration just determined by the first step
of replica symmetry breaking. For large p, and by following the same
arguments as in Section 5.4, it suffices to insert the longitudinal ansatz
(5.23) into (2.8) and to comsider fluctuations of the longitudinal parameters
4> about their equilibrium configuration ¢§", ¢{". Again, the auxiliary
parameters 4,4, are linked to the physical parameters q,4,,. by Eq. (2.10).

If we express all ¢\~ in terms of 22 by means of Eq. (2.10), then the
free energy (2.8) will be stable if the Hessian —8°G/dA(Y 645 is positive-
definite. Let us first consider a diagonal element of the Hessian with p, 7 in
different clusters:

Y g5”
oA 0ag? (p—1) ALY

— finite expression (6.20)

Since we have p>2 and ¢{*'=0, the first term diverges. That is, all
diagonal elements of the Hessian with p, t in different clusters are positive
and infinite. All off-diagonal elements of the Hessian, on the other hand,
are finite. This means that if we have an eigenvector of the Hessian which
has a nonzero component x,, with p,t in different clusters, then the
corresponding eigenvalue must be positive and infinite.

It remains to consider eigenvectors of the Hessian which have only
nonzero components x,, with p, 7 in the same cluster. This reduces the
eigenvalue problem for the entire Hessian to an eigenvalue problem for the
Hessian submatrix of a cluster, —3*G/0A'Y 84,,, with p, 7, ¢, v in the same
cluster. Because of the symmetry of the solution within a cluster, the eigen-

822/71/3-4-4
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value problem has then become analogous to the replica-symmetric case.
Thus, the condition for stability of the free energy (2.8) after the first step
of symmetry breaking and for large p is given by EV'>0, where EV has
been defined in (5.24) and where it is now understood that p, t, o, v are all
in the same cluster.

In order to evaluate EV, we require the following expectation values
for spin components within the same cluster:

ST =gt

=j f°° Dx' ', dy yot"1 [[', dyo{"]" 2
Cw [® o Dx' [f1, dy 0¥
<pslrslpslrsl>
=f I‘” Dx' [fL,dy y "1 [JL, dyoi¥1" 2
—o [*o Dx' [[* dyoP]™

(6.21)

<pslrslpslosl>
=J°° D 12 DXLy dy y?0i0 L, dy yoi®1* []L, dy of™1"
LD . DT [, dy T
<pS11:S10-SI vsl>

=f P 42w DXL dy yot2]" [, dy o]
o [7. Dx"[[L, dyot1"

where it is understood that p # 1t # ¢ # v and where we have defined

2
oD = (1~ y)n =32 exp {% [p) — u(™ _ J00]
+ y(xo(i(()”)l/z+x1(/1‘1“"/1(o“)”2)} (6.22)

From Egs. (2.6), (5.24), and (6.21), EV becomes
(L) o
qi '
EV=—r—"—u—
(p—1)iD J OOD)Co

S Il dy y2 (L) j L dy yQ(L) 1 @ m
j,wa { jl_ldyQ(L) - J‘l dyQ(L) J‘ildle
{2 Dx'! U dy Q(1L):|
-1

X

(6.23)
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We showed above that for large p we have A{”~0 and 1Y)~ co.

Equation (6.11) tells us further that for large p we have
ZE[,L(L)—“‘U,(T)—/’LY‘)NO (6.24)

This enables us to expand the various integrals in Eq. (6.23) asymptotically
for large values of p. This has to be done up to third order to obtain the
first nonvanishing contribution to EV. We find

1
[y
—1

(1=1)(n=3) {1+ Din—1)(n—3)(n—5)
X[l TR G TT T 2+ )P }

flldyye‘l“
h , (6.25)
X[l (n—1)(n+1)  (n+1)n—1)n —9)+._.]

8Lz + X [(A)2T T 27z + [ x, [(AP) 2]

1
[ ayye
—~1

[1_ (r=1)+5)  (n+ D(n= 1)’ +8n~1) }
B[z +|x, (221 27[z+|x, (A7)

where
2072 ((n—1)/2) exp[z/2 + |x,|(A{")2]

= 2+ I G40) P10 2

(6.26)

By inserting the expansions (6.25) into Eq.(6.23), and using m from
Eq. (6.15) and A{") ~ p(4J)%/2, we find that the stability condition EV >0
for the first step of replica symmetry breaking as p — co becomes

J2n—-1) a7
1>P{n—1+[(”—1)2-}-(1!])24]112]1/2}2 (6.27)

This condition is satisfied for all AJ. That is, the longitudinal solution
(6.11) with one step of replica symmetry breaking is stable at all tem-
peratures T< T, for large p.

7. DISCUSSION

The quenched model (1.1) has been investigated for the case of general
n while p — co. For p > 2, the model incorporates an anisotropy of type S,
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which replaces the O(n) symmetry of the model for p =2 in the absence of
a magnetic field.

In the case of Ising spin systems, the replica formalism generates an
order parameter matrix 2= (Q,.), where each Q. is a number. For n> 1,
the replica formalism generates an order parameter matrix 2=(Q,.)=
(9.p.52), Where each element Q. is an n x n matrix. Interactions with p>2
are incorporated into the replica formalism by means of nx#n Lagrange
multiplier matrices 4,, = (A,p,,.)-

The solutions Q,, have a geometrical degeneracy of type O(n) for
p=2 and of type S, for p>2. The most general matrix 2 can be expressed
as 2=T73T, where 3= (0 o) represents the standard form (4.6)-(4.7) of
the matrix 2 and where 7 is of the block-diagonal form (4.9). This
geometrical degeneracy is independent of the bonds and randomness and
corresponds to the time-reversal symmetry of the #=1 model. For p=2
and ¢'” =0, the concomitant shape of the probability distributions for the
overlaps and self-correlations of the pure states is given by the correspond-
ing distributions for the nonrandom model. It can be expressed in terms of
associated Legendre functions of the second kind.

The standard matrices { .. given by Egs. (4.6)-(4.7) are determined by
three parameters. The off-diagonal matrices Qm (p #7) depend on the
longitudinal parameter g% and the transverse parameter ¢, while the
matrices (0 p depend only on the self-correlation (quadrupolar) parameter
d,. For n> 1, the model is therefore described by three order parameters,
q;{r‘)’ qp‘t)’ and d

The physwal interpretation of the replica formalism shows that the off-
diagonal matrices Q,. (p #t) (and hence the parameters ¢{>™) describe
the overlap (3.2) between the pure states of the system in analogy to the
n=1 model. The matrices Q,, (and hence the parameters d,), on the other
hand, describe the “self-correlation” (3.3) for the pure states of the system.
The probability distributions P,; for the overlaps between the pure states
and the probability distributions W, for the self-correlations of the pure
states constitute the physical order parameters for the system. They are
given in terms of the parameters ¢{-” and d, from the replica formalism
in Eq. (4.12).

It is also possible to give “averaged” definitions (3.4)-(3.5) for the
overlap and self-correlation of pure states which eliminate the need for an
order parameter for self-correlation. Within our replica formalism, this
corresponds to describing the space of pure states by the traces of the
matrices Q,, rather than by the matrices themselves. Since Tr Q,,=1, d,
becomes invisible. Such a description would represents a mean-field theory
for the model.

In addition to the concept of replica symmetry, we have introduced
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the notion of “component symetry” for the matrices Q,,. At high tem-
peratures both replica and component symmetry must be conserved. The
only possible solution is given by Eq. (4.13). At low temperatures, compo-
nent symmetry must be broken. In the limit of large p, we find that only
longitudinal low-temperature solutions (g'” =0) are possible, both when
replica symmetry is conserved and when it is broken. This is in constrast
to p=2 (see Introduction), where in the presence of a magnetic field or
some anisotropic interaction longitudinal, transverse (¢'5’=0), and mixed
spin-glass states (¢'%), ¢\ #0) are possible.

Even though replica-symmetric low-temperature solutions exist, our
physical interpretation of the formalism tells us that replica symmetry
must be broken at low temperatures. Replica symmetry for the overlap
parameters ¢~ " is broken according to the Parisi scheme just as for n=1,
while we find that replica symmetry must be conserved for the self-correla-
tion parameters d,, i.c., d, = d for all p. This can be shown by means of the
Holder inequality and is a consequence of the way in which the Parisi
scheme breaks replica symmetry for the off-diagonal parameters ¢{>™. It
does not necessarily hold for other schemes of symmetry breaking (in
particular, if the ultrametric structure is missing). As p — oo, the procedure
for symmetry breaking terminates after the first step. This is analogous to
the Gross and Mézard result for the Ising case.®

The high-temperature solution is given by Eq. (4.13), and the corre-
sponding free energy and entropy by Egs. (5.18)-(5.19). In contrast to the
Ising case, the temperature where the entropy becomes negative has no
physical meaning. It is simply a consequence of how many states we count
on the unit sphere and can be shifted by adopting a different convention for
the spin density dS. While the counting procedure is uniquely determined
for discrete Ising spin systems, this is not the case for continuous spin
systems. For large p, the high-temperature solution is stable at all tem-
peratures down to T=0. Again, this is analogous to the n=1 case,” but
is in contrast to the p=2 model, where the high-temperature solution
becomes unstable at the AT (n=1) or the GT (n> 1) line.

The transition to a low-temperature phase which we expect on physi-
cal grounds is not determined by instability or an unsatisfactory negative
entropy. Only longitudinal (¢/"?=0) low-temperature solutions are
possible for large p. We find that any transition to a low-temperature phase
must be accompanied by a jump in both the longitudinal parameter ¢'%’
and the self-correlation parameter d for large p.

As p — oo, the system settles into the spin-glass phase (6.11) (SG1) for
all T<T,. The spin-glass transition temperature T, is given by Eq. (6.13),
the corresponding free energy by Eq. (6.16). For n> 1, the transition is of
first order with a latent heat and a jump discontinuity in the order
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parameters ¢ and d. This is in contrast to the spin-glass transition for the
n=1 model, which is only of second order.*” The spin-glass solution
is stable at all temperatures T<T,. Since our stability analysis holds
asymptotically for large values of p, the spin-glass phase SG1 will also be
stable for large but finite p. This is despite the fact that for all finite p we
expect at least one additional spin-glass phase for which replica symmetry
is broken an infinite number of times (SG2). Thus, we have a similar situa-
tion as for the high-temperature solution. The transition to SG2 for large
but finite p is not characterized by instability, but rather by a crossover
line from weak to strong replica symmetry breaking. This is analogous
to the crossover line from weak to strong symmetry breaking in the
p=2 model."*'7 However, it is in contrast to the n=1 model for large
but finite p, where the transition from SG1 to SG2 is determined by
instability.”

The free energy for the spin-glass phase scales as 4(n — 1) In p for large
p. This results from the fact that each interaction term in the Hamiltonian
(1.1) consists of the product of p spin variables of magnitude <1 and
becomes itself of order ¢” with 0 < &< 1. If the spin variables are on average
unequal to one or zero in magnitude, i.e., if (&) #0, 1, this leads to a scal-
ing of the free energy with p. It is explained in detail following Eq. (6.17).
By performing the scaling transformation (6.19), the p dependence can be
removed from the low-temperature free energy. However, there is no
universal scaling which would keep the both the high- and low-temperature
frec energies per spin simultaneously finite as p — co. In this sense, the
model (1.1) has an anomalous behavior with respect to scaling at p = co.

Finally, the spin-glass free energy (6.16) displays a temperature
dependence for »>1, while the corresponding free energy for the n=1
model is constant at all T<T7,. The latter is a consequence of the n=1
model being equivalent to the random energy model, where below T, only
one low-temperature state exists. As commented upon in Section 6, it
therefore seems that our model for > 1 and p — o could not be soived
by an alternative method similar to the random energy model.
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